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                \begin{document}$$\pi $$\end{document}$-calculus \[[@CR18]\] is a widely used process calculus, which models communications between processes using input and output actions, and allows the passing of communication links. Various operational semantics of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$-calculus have been proposed, which can be classified according to whether transitions are unlabelled or labelled. Unlabelled transitions (so-called reductions) represent completed interactions. As observed in \[[@CR25]\] they give us the internal behaviour of complete systems, whereas to reason compositionally about the behaviour of a system in terms of its components we need labelled transitions. With labelled transitions, we can distinguish early and late semantics \[[@CR19]\], with the difference being that early semantics allows a process to receive (free) names it already knows from the environment, while the late does not. This creates additional causation in the early case between those inputs and previous output actions making bound names free. All existing reversible versions of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$-calculus use reduction semantics \[[@CR14], [@CR26]\] or late semantics \[[@CR7], [@CR17]\]. However the early semantics of the (forward-only) $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$-calculus is more widely used than the late, partly because it has a sound correspondence with contextual congruences \[[@CR13], [@CR20]\].
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                \begin{document}$$\pi $$\end{document}$-calculus, and give it a denotational semantics in terms of reversible event structures. The new calculus is a reversible form of the internal $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$-calculus where every link sent by an output is bound (private), yielding greater symmetry between inputs and outputs. It has been shown that the asynchronous $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$-calculus has two forms of causation. *Structural* causation, as one would find in CCS, comes directly from the structure of the process, e.g. in $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$I-calculus though not the late, since it is created by the process receiving one of its free names. Restricting ourselves to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$-calculus lets us focus on the link causation created by early semantics, since it removes the other forms of link causation present in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$-calculus.

We base $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$IH on the work of Hildebrandt *et al.* \[[@CR12]\], which used extrusion histories and locations to define a stable non-interleaving early operational semantics for the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$I-calculus, storing not only extrusions but also communications. Allowing processes to evolve, while moving past actions to a history separate from the process, is called dynamic reversibility \[[@CR9]\]. By contrast, static reversibility, as in CCSK \[[@CR21]\], lets processes keep their structure during the computation, and annotations are used to keep track of the current state and how actions may be reversed.

Event structures are a model of concurrency which describe causation, conflict and concurrency between events. They are 'truly concurrent' in that they do not reduce concurrency of events to the different possible interleavings. They have been used to model forward-only process calculi \[[@CR3], [@CR6], [@CR27]\], including the $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$I-calculus \[[@CR5]\]. Describing reversible processes as event structures is useful because it gives us a simple representation of the causal relationships between actions and gives us equivalences between processes which generate isomorphic event structures. True concurrency in semantics is particularly important in reversible process calculi, as the order actions can reverse in depends on their causal relations \[[@CR22]\].

Event structure semantics of dynamically reversible process calculi have the added complexity of the histories and the actions in the process being separated, obscuring the structural causation. This was an issue for Cristescu *et al.* \[[@CR8]\], who used rigid families \[[@CR4]\], related to event structures, to describe the semantics of R$\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ \[[@CR7]\]. Their semantics require a process to first reverse all actions to find the original process, map this process to a rigid family, and then apply each of the reversed memories in order to reach the current state of the process. Aubert and Cristescu \[[@CR1]\] used a similar approach to describe the semantics of a subset of RCCS processes as configuration structures. We use a different tactic of first mapping to a statically reversible calculus, $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$IK, and then obtaining the event structure. This means that while we do have to reconstruct the original structure of the process, we avoid redoing the actions in the event structure.
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                \begin{document}$$\pi $$\end{document}$-calculus of \[[@CR17]\], which use communication keys to denote past actions. To keep track of link causation, keys are used in a number of different ways in \[[@CR17]\]. In our case we can handle link causation by using keys purely to annotate the action which was performed using the key, and any names which were substituted during that action.
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                \begin{document}$$\pi $$\end{document}$I-calculus have very different syntax and originate from different ideas, we show an operational correspondence between them in Theorem [4.6](#FPar11){ref-type="sec"}. We do this despite the extrusion histories containing more information than the keys, since they remember what bound names were before being substituted. The mapping from $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$IK bears some resemblance to the one presented from RCCS to CCSK in \[[@CR16]\], though with some important differences. $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$IK, partly inspired by \[[@CR5], [@CR6]\], using reversible bundle event structures \[[@CR10]\]. Reversible event structures \[[@CR23]\] allow their events to reverse and include relations describing when events can reverse. Bundle event structures are more expressive than prime event structures, since they allow an event to have multiple possible conflicting causes. This allows us to model parallel composition without having a single action correspond to multiple events. While it would be possible to model $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$IK using reversible prime event structures, using bundle event structures not only gives us fewer events, it also lays the foundation for adding rollback to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$IK and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$IH, similarly to \[[@CR10]\], which cannot be done using reversible prime event structures.
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$I-calculus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$IH, using the locations and histories to keep track of not just causation, but also past actions. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$I-calculus is a restricted variant of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$-calculus wherein output on a channel *a*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{a}(b)$$\end{document}$, binds the name being sent, *b*, corresponding to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$-calculus process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\nu b)\overline{a}\!\left\langle {b} \right\rangle \!.P$$\end{document}$. This creates greater symmetry with the input $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a(x)$$\end{document}$, where the variable *x* is also bound. The syntax of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$IH processes is:

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P {:}{:}=\sum \limits _{i\in I} \alpha _i.P_i \;\mid \; P_0\vert P_1 \;\mid \; (\nu x) P \;\;\;\; \alpha {:}{:}=\overline{a}(b)\;\mid \; a(b)$$\end{document}$

The forward semantics of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$IH can be seen in Table [1](#Tab1){ref-type="table"} and the reverse semantics can be seen in Table [2](#Tab2){ref-type="table"}. We associate each transition with an action $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu {:}{:}=\alpha \;\vert \; \tau $$\end{document}$ and a location *u* (Definition [2.1](#FPar1){ref-type="sec"}), describing where the action came from and what changes are made to the process as a result of the action. We store these location and action pairs in extrusion and communication histories associated with processes, so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\overline{H},\underline{H},H)\vdash \! P$$\end{document}$ means that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mu ,u)$$\end{document}$ is an action and location pair in the output history $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{H}$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ is an output action, which *P* previously performed at location *u*. Similarly $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{H}$$\end{document}$ contains pairs of input actions and locations and *H* contains triples of two communicating actions and the location associated with their communication. We use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {H}$$\end{document}$ as shorthand for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\overline{H},\underline{H},H)$$\end{document}$.

Definition 2.1 {#FPar1}
--------------
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The path *l* can be empty if the action did not go through any parallel compositions.

We also use the operations on extrusion histories from Definition [2.2](#FPar2){ref-type="sec"}. These (1) add a branch to the path in every location, (2) isolate the extrusions whose locations begin with a specific branch, (3) isolate the extrusions whose locations begin with a specific branch and then remove the first branch from the locations, and (4) add a pair to the history it belongs in.

Definition 2.2 {#FPar2}
--------------
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The reverse rules use the extrusion histories to find a location $\documentclass[12pt]{minimal}
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Example 2.3 {#FPar3}
-----------
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We show that our forwards and reverse transitions correspond.

Proposition 2.4 {#FPar4}
---------------
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The primary difference between applying communication keys to CCS and the $\documentclass[12pt]{minimal}
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Table [3](#Tab3){ref-type="table"} shows the forward semantics of $\documentclass[12pt]{minimal}
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We again show a correspondence between forward and reverse transitions.

Proposition 3.1 {#FPar5}
---------------

**(Loop).** Given a process *P*, if $\documentclass[12pt]{minimal}
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We will now define a mapping from $\documentclass[12pt]{minimal}
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Example 4.1 {#FPar6}
-----------
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Since we intend to define a mapping from processes with extrusion histories to processes with keys, we first describe how to add keys to substituted names in a process in Definition [4.2](#FPar7){ref-type="sec"}. We have a function, *S*, which takes a process, $\documentclass[12pt]{minimal}
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Definition 4.2 {#FPar7}
--------------
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Being able to annotate our names with keys, we can define a mapping, *E*, from extrusion histories to keys in Definition [4.4](#FPar9){ref-type="sec"}. *E* iterates over the extrusions, having one process which builds $\documentclass[12pt]{minimal}
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If *E* encounters a parallel composition in *P* (case 2), it splits its extrusion histories in three. One part, $\documentclass[12pt]{minimal}
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*E* can add an action -- and the choices not picked when that action was performed -- to *P* (cases 3, 4) when the associated location has an empty path and has $\documentclass[12pt]{minimal}
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                \begin{document}$$P'$$\end{document}$ as its result process. When turning an input memory from the history into a past input action in the process (case 4), we use *S* (Definition [4.2](#FPar7){ref-type="sec"}) to add keys to the substituted names. When *E* encounters a restriction (case 5), it moves a memory that can be used inside the restriction inside. It does this iteratively until there are no such memories left in the extrusion histories. We apply *E* to a process in Example [4.5](#FPar10){ref-type="sec"}.

Definition 4.3 {#FPar8}
--------------
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Definition 4.4 {#FPar9}
--------------
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Example 4.5 {#FPar10}
-----------
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Bundle Event Structures {#Sec5}
=======================

In this section we will recall the definition of *labelled reversible bundle event structures* (LRBESs), which we intend to use later to define the event structure semantics of $\documentclass[12pt]{minimal}
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An LRBES consists of a set of events, *E*, a subset of which, *F*, are reversible, and three relations on them. The bundle relation, $\documentclass[12pt]{minimal}
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Definition 5.1 {#FPar12}
--------------
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An event in an LRBES can have multiple possible causes as defined in Definition [5.2](#FPar13){ref-type="sec"}. A possible cause *X* of an event *e* is a conflict-free set of events which contains a member of each bundle associated with *e* and contains possible causes of all events in *X*.

Definition 5.2 {#FPar13}
--------------
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Since we want to compare the event structures generated by a process to the operational semantics, we need a notion of transitions on event structures. For this purpose we use configuration systems (CSs), which event structures can be translated into.

Definition 5.3 {#FPar14}
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                \begin{document}$$A'\subseteq A$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B'\subseteq B$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\xrightarrow {A'\cup \underline{B'}} Z \xrightarrow {(A\setminus A')\cup \underline{(B\setminus B')}}Y$$\end{document}$, meaning $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z=(X\setminus B')\cup A'\in \mathsf {C}$$\end{document}$.

Definition 5.4 {#FPar15}
--------------

**(From LRBES to CS**\[[@CR10]\]**).** We define a mapping $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{br}$$\end{document}$ from LRBESs to CSs as: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{br}((E_{},F_{},\mapsto _{},\mathrel {\sharp }_{},\rhd _{},\lambda _{},\mathsf {Act}_{}))=(E_{},F_{},\mathsf {C}_{},\rightarrow _{})$$\end{document}$ where: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\in \textsf {C}$$\end{document}$ if *X* is conflict-free;For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X,Y\in \textsf {C}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\subseteq E$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B\subseteq F$$\end{document}$, there exists a transition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\xrightarrow {A\cup \underline{B}} Y$$\end{document}$ if: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y=(X\setminus B)\cup A$$\end{document}$; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\cap A=\emptyset $$\end{document}$; $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B\subseteq X$$\end{document}$; and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\cup A$$\end{document}$ conflict-free;for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in B$$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e'\rhd \underline{e}$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e'\notin X\cup A$$\end{document}$;for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in A$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'\subseteq E$$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'\mapsto e$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'\cap (X\setminus B)\ne \emptyset $$\end{document}$;for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in B$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'\subseteq E$$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'\mapsto \underline{e}$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X'\cap (X\setminus (B\setminus \{e\}))\ne \emptyset $$\end{document}$.

For our semantics we need to define a prefix, restriction, parallel composition, and choice. Causal prefixing takes a label, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$, an event, *e*, and an LRBES, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}$$\end{document}$, and adds *e* to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}$$\end{document}$ with the label $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ and associating every other event in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}$$\end{document}$ with a bundle containing only *e*. Restriction removes a set of events from an LRBES.

Definition 5.5 {#FPar16}
--------------

**(Causal Prefixes**\[[@CR10]\]**).** Given an LRBES $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}$$\end{document}$, a label $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$, and an event *e*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mu )(e).\mathcal {E}=(E',F',\mapsto ',\mathrel {\sharp }',\rhd ',\lambda ',\mathsf {Act}')$$\end{document}$ where:

Removing a set of labels *L* from an LRBES removes not just events with labels in *A* but also events dependent on events with labels in *L*.

Definition 5.6 {#FPar17}
--------------

**(Removing labels and their dependants).** Given an event structure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}=(E_{},F_{},\mapsto _{},\mathrel {\sharp }_{},\rhd _{},\lambda _{},\mathsf {Act}_{})$$\end{document}$ and a set of labels $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L\subseteq \mathsf {Act}$$\end{document}$, we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{\mathcal {E}}(L)=X$$\end{document}$ as the maximum subset of *E* such that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in X$$\end{document}$ then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda (e)\notin L$$\end{document}$;if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in X$$\end{document}$ then there exists a possible cause of *e*, *x*, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\subseteq X$$\end{document}$.

A choice between LRBESs puts all the events of one event structure in conflict with the events of the others.

Definition 5.7 {#FPar18}
--------------

**(Choice**\[[@CR10]\]**).** Given LRBESs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}_0,\mathcal {E}_1,\dots ,\mathcal {E}_n$$\end{document}$, the choice between them is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum \limits _{0\le i\le n}\mathcal {E}_i=(E_{},F_{},\mapsto _{},\mathrel {\sharp }_{},\rhd _{},\lambda _{},\mathsf {Act}_{})$$\end{document}$ where:

Definition 5.8 {#FPar19}
--------------

**(Restriction**\[[@CR10]\]**).** Given an LRBES, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}=(E_{},F_{},\mapsto _{},\mathrel {\sharp }_{},\rhd _{},\lambda _{},\mathsf {Act}_{})$$\end{document}$, restricting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}$$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E'\subseteq E$$\end{document}$ creates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}\upharpoonright E'=(E',F',\mapsto ',\mathrel {\sharp }',\rhd ',\lambda ',\mathsf {Act}')$$\end{document}$ where:

For parallel composition we construct a product of event structures, which consists of events corresponding to synchronisations between the two event structures. The possible causes of an event $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(e_0,e_1)$$\end{document}$ contain a possible cause of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_0$$\end{document}$ and a possible cause of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_1$$\end{document}$.

Definition 5.9 {#FPar20}
--------------

**(Parallel**\[[@CR10]\]**).** Given two LRBESs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}_0 = (E_{0},F_{0},\mapsto _{0},\mathrel {\sharp }_{0},\rhd _{0},\lambda _{0},\mathsf {Act}_{0})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}_1=(E_{1},F_{1},\mapsto _{1},\mathrel {\sharp }_{1},\rhd _{1},\lambda _{1},\mathsf {Act}_{1})$$\end{document}$, their parallel composition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}_0\times \mathcal {E}_1=(E_{},F_{},\mapsto _{},\mathrel {\sharp }_{},\rhd _{},\lambda _{},\mathsf {Act}_{})$$\end{document}$ with projections $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _1$$\end{document}$ where: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E=E_0\times _* E_1=\{(e,*) \mid e\in E_0\} \cup \{(*,e) \mid e\in E_1\} \cup \{(e,e') \mid e\in E_0\text { and } e'\in E_1\}$$\end{document}$;$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F=F_0\times _* F_1=\{(e,*) \mid e\in F_0\} \cup \{(*,e) \mid e\in F_1\} \cup \{(e,e') \mid e\in F_0\text { and } e'\in F_1\}$$\end{document}$;for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in \{0,1\}$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(e_0,e_1)\in E$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _i((e_0,e_1))=e_i$$\end{document}$;for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e^*\in E\cup \underline{F}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\subseteq E$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\mapsto e^*$$\end{document}$ iff there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{0,1\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i\subseteq E_i$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_i\mapsto \pi _i(e)^*$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X=\{e'\in E\mid \pi _i(e')\in X_i\}$$\end{document}$;for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e,e'\in E$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\mathrel {\sharp }e'$$\end{document}$ iff there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{0,1\}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _i(e)\mathrel {\sharp }_i\pi _i(e')$$\end{document}$, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _i(e)=\pi _i(e')\ne \bot $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _{1-i}(e)\ne \pi _{1-i}(e')$$\end{document}$;for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in E$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e'\in F$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\rhd \underline{e'}$$\end{document}$ iff there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{0,1\}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _i(e)\rhd _i\underline{\pi _i(e')}$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda (e)={\left\{ \begin{array}{ll} \lambda _0(e_0) &{} if\,e=(e_0,*)\\ \lambda _1(e_1) &{} if\,e=(*,e_1)\\ \tau &{} if\,e=(e_0,e_1)\,and\,either\,\lambda _0(e_0)=a(x) \,and\,\lambda _1(e_1)=\overline{a}(x)\\ &{} or\,\lambda _0(e_0)=\overline{a}(x)\,and\,\lambda _1(e_1)=a(x)\\ 0 &{} otherwise \end{array}\right. }$$\end{document}$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Act}=\{\tau \}\cup \mathsf {Act}_0\cup \mathsf {Act}_1$$\end{document}$

Event Structure Semantics of $\documentclass[12pt]{minimal}
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In this section we define event structure semantics of $\documentclass[12pt]{minimal}
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As we want to ensure that all free and bound names in our process are distinct, we modify our syntax for replication, assigning each replication an infinite set, $\documentclass[12pt]{minimal}
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Definition 6.1 {#FPar21}
--------------
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We can now define the event structure semantics in Table [6](#Tab6){ref-type="table"}. We do this using rules of the form $\documentclass[12pt]{minimal}
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The denotational semantics in Table [6](#Tab6){ref-type="table"} make use of the LRBES operators defined in Sect. [5](#Sec5){ref-type="sec"}. The choice and output cases are straightforward uses of the choice and causal prefix operators. The input creates a case for prefixing an input of each name in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}$$\end{document}$ and a choice between the cases. We have two cases for restriction, one for restriction originating from a past communication and another for restriction originating from the original process. If the restriction does not originate from the original process, then we ignore it, otherwise we remove events which would use the restricted channel and their causes. The parallel composition uses the parallel operator, but additionally needs to consider link causation caused by the early semantics. Each event labelled with an input of a name in standard bound names gets a bundle consisting of the event labelled with the output on that name. And each output event is prevented from reversing by the input names receiving that name. This way, inputs on extruded names are caused by the output that made the name free. Replication substitutes the names and counts down the level of replication.

Note that the only difference between a future and a past action is that the event corresponding to a past action is put in the initial state and given a communication key.Table 6.Denotational event structure semantics of $\documentclass[12pt]{minimal}
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Example 6.2 {#FPar22}
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Theorem 6.3 {#FPar23}
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Let *P* be a forwards reachable process wherein all bound and free names are different and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}\supseteq n(P)$$\end{document}$ be a set of names. If (1) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\rbrace \![{P} \right]\!\}_{\mathcal {N}}=\left\langle {\mathcal {E},\mathsf {Init},k} \right\rangle $$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}=(E_{},F_{},\mapsto _{},\mathrel {\sharp }_{},\rhd _{},\lambda _{},\mathsf {Act}_{})$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Init}$$\end{document}$ is conflict-free, and (2) there exists a transition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P\xrightarrow {\mu [m]} P'$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\rbrace \![{P'} \right]\!\}_{\mathcal {N}}=\left\langle {\mathcal {E}',\mathsf {Init}',k'} \right\rangle $$\end{document}$, then there exists an isomorphism $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:\mathcal {E}\rightarrow \mathcal {E}'$$\end{document}$ and a transition in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{br}(\mathcal {E})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Init}\xrightarrow {\{e\}} X$$\end{document}$, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda (e)=\mu $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\circ k'=k[e\mapsto m]$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(X)=\mathsf {Init}'$$\end{document}$.

Theorem 6.4 {#FPar24}
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By Theorems [4.6](#FPar11){ref-type="sec"}, [6.3](#FPar23){ref-type="sec"}, and [6.4](#FPar24){ref-type="sec"} we can combine the event structure semantics of $\documentclass[12pt]{minimal}
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Conclusion and Future Work {#Sec7}
==========================
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